We analyze the spin and charge responses induced in a spin-polarized electron gas by a weak electromagnetic field. The coupled spin-charge response is derived from the equation of motion of the particle distribution function in the presence of the perturbation. To obtain the correct frequency and the wave-vector dependence we introduce the spin-dependent local-field factors, G Ϯ ϭG x ϮG c , which give the exchange (x) and correlation (c) corrections to the random phase approximation. For an arbitrary degree of polarization of the electron gas, we derive the exact analytical expressions for G Ϯ (q ជ ,) in the limit of high frequency or large wave vectors. The results for q ជ →ϱ are expressed in terms of the two-particle correlation function, g(r ជ ) at rϭ0.
I. INTRODUCTION
In the study of the response functions of an electron gas with a positive background, the concept of a local-field correction originates in the difference between the effective potential experienced by an electron and the mean field value. Exchange and correlation effects associated with the Coulomb repulsion, which determine a decrease in the number of particles surrounding a given electron are responsible for this deviation. The exchange-correlation hole modifies the interaction between a probe electron and the rest of the electron gas, leading to a potential variation. A self-consistent approximation first proposed by Kukkonen where v(q ជ )ϭe 2 /4q 2 is the Fourier transform of the Coulomb interaction. Equation ͑1͒ defines the local-field corrections as the coupling functions of an electron with spin to density and spin fluctuations, ⌬n(q ជ ,) and ⌬s ជ (q ជ ,), respectively. The spin-symmetric character of ⌬n indicates that G ϩ is the sum of the parallel and antiparallel spin effects, whereas the spin-antisymmetry of ⌬s ជ imposes that G Ϫ is the difference. If we introduce G x for the exchange, G c for the same-spin correlation, and G c for opposite-spin correlation, we can write In the spin-polarized electron gas a static magnetic field induces an equilibrium imbalance in the number of electrons of opposite spins. As a consequence, the response to a weak electromagnetic perturbation consists of coupled charge and spin fluctuations, characterized by appropriate susceptibility functions: pure electric, ee , pure magnetic ͑longitudinal and transversal͒, mm , and coupled magnetic-electric, em and me . The investigation of these functions has been done just recently. 3 In this case, the exchange-correlation interactions are functions of the initial direction of the electron spin and the local-field corrections depend parametrically on the degree of polarization of the system.
Because of the difficulty involved in approximating many-body interactions, limited knowledge has been gained about the exact expressions of the local-field corrections. For an unpolarized electron gas, it has been established from the compressibility relation that at small q ជ , G Ϯ (q ជ ,) varies quadratically. 4 Using the equation-of-motion method, Niklasson 5 and Zhou and Overhauser 6 derived the limits for large wave vectors:
Here g(0) is the two-particle correlation function at the origin. In this paper we obtain the equivalent asymptotes for the local-field corrections in a spin-polarized electron gas.
a static magnetic field, B ជ ϭBẑ, such that in equilibrium there are N ↑ electrons with spins parallel to the field, and N ↓ electrons with spins of opposite orientation. Any degree of polarization of the system, ϭ(N ↑ ϪN ↓ )/N, can be obtained by adjusting the value of B ជ . The external perturbation consists of an electric potential, (r ជ,t), and a magnetic field, b ជ (r ជ,t), whose direction is specified by the unit vector û ϭ(sincos,sinsin,cos). Assuming a sinusoidal time and position dependence of the fields, based on Eq. ͑1͒, a self-consistent approximation for the Fourier component of the effective one-particle perturbing Hamiltonian is
where ␥ is the effective Bohr magneton. The exchangecorrelation effects are considered through the local-field factors, G ϩ and G Ϫ , defined by Eqs. ͑2͒-͑3͒. ជ is the usual Pauli operator for the electron spin. In Eq. ͑6͒ we have neglected the magnetic spin-spin interaction, much smaller than the Coulomb repulsion. Introducing the raising and lowering spin operators, ϩ and Ϫ , respectively, the product b ជ • ជ can be written as
In this form it is easy to see that b ϩ ϭb x ϩib y causes electrons to flip spins from up to down, while b Ϫ ϭb x Ϫib y has the opposite effect. These processes generate the transverse ͑in respect to the direction of initial polarization͒ spin response. The electric field and b z preserve the initial spin state and induce fluctuations in the number of electrons whose spin remains parallel to the direction of the static field. As a result of the spin-response anisotropy, the associated localfield correction, G Ϫ , is going to be direction dependent:
G L, Ϫ for longitudinal variations and G T, Ϫ for the transverse ones.
The effective potential experienced by an electron of spinprojection along the ẑ axis is then, from Eqs. ͑6͒ and ͑7͒,
where sgn() is equal to 1 ͑or Ϫ1) when the spin is parallel ͑or antiparallel͒ to the field. Two complementary equations are written for the effective potentials experienced by electrons which flip spin,
The spin index of the transverse local-field corrections is chosen to correspond to the initial direction of the spin. Observe that for an arbitrary degree of polarization, ͉͉р1,
The first order perturbation theory shows that the induced fluctuations are linearly related to the effective potentials by
We elect to include all the many-body effects in the localfield corrections, G (q ជ ,) and, consequently, write the coefficient of proportionality, ⌸ Ј , as the noninteracting electron response function:
where ⑀ k ជ , ϭប 2 k 2 /2mϪ␥sgn()B is the equilibrium energy in the static magnetic field for an electron with statistical distribution n k ជ , , momentum បk ជ , and spin projection along the ẑ axis. ͓An alternate definition of ⌸ Ј which includes many-body corrections to the one electron energies is discussed by Sturm.
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͔ When written for up and down spins, Eq. ͑11͒ leads to a system of coupled equations which can be solved for ⌬n ↑ and ⌬n ↓ in terms of the external perturbation. We express these results as charge density, ⌬ϭϪe(⌬n ↑ ϩ⌬n ↓ ) , and longitudinal magnetization, ⌬m z ϭϪ␥(⌬n ↑ Ϫ⌬n ↓ ), fluctuations. The coefficients of the linear system which relates the induced response to the perturbing fields are the susceptibility functions. Therefore,
Because of the initial spin polarization, the response consists of coupled charge and spin fluctuations described by
͑19͒
D is the determinant of the system:
Here, the wave vector and frequency dependence of the local-field corrections was implicitly assumed. The transverse magnetic fluctuations are obtained from Eqs. ͑12͒ and ͑13͒:
along with the corresponding susceptibilities:
͑22͒
These results have been derived by Yi and Quinn 3 and can be used as alternative definitions for the many-body localfield corrections, G Ϯ , longitudinal or transverse. A correct wave-vector and frequency dependence of the susceptibility functions can be obtained only when the right behavior of the many-body corrections is known.
III. MICROSCOPIC DERIVATION OF THE MANY-BODY CORRECTIONS
We proceed by extending the equation-of-motion method, first proposed by Niklasson, 5 to the physical system described in the previous section. The unperturbed Hamiltonian of the system, H 0 , is
with ⑀ k ជ , ϭប 2 /2mϪ␥Bsgn(), the energy of an electron with spin in the static magnetic field. Operators c k ជ , † and c k ជ , create and annihilate an electron of momentum បk ជ and spin projection along an arbitrary axis û . In particular, we choose û to be along the perturbing magnetic field, such that the electronic spinors are eigenfunctions of ជ •b ជ . In this representation, the Hamiltonian of the perturbation is just
The orthogonal transformation to creation or annihilation operators for electrons with spins projected along the ẑ axis is realized by
Since the kinetic energy and the Coulomb interaction terms do not depend on the axis on which the spin is projected, we can immediately write, in terms of the a's operators,
Substituting Eqs. ͑25͒ and ͑26͒ into ͑24͒, the interaction Hamiltonian becomes
The first two terms describe electronic spin-flip processes driven by the transverse components of the magnetic field, b ϩ and b Ϫ , while the third one gives the coupled density and spin fluctuations of the electrons whose initial spin state remains unchanged under the perturbation.
A. The longitudinal response
The electric potential and the ẑ component of the perturbing magnetic field induce fluctuations in the number of electrons of a given spin without changing their spin state. The dynamical deviations from equilibrium are described by a Wigner distribution function:
such that the induced electron density is
is the perturbation produced by the external field
The time-dependent behavior of the Wigner distribution is determined by the equation of motion:
Taking the Fourier transform one obtains
is the perturbed part of the two-particle distribution function. At equilibrium, this function is
Therefore, the induced density fluctuations for electrons of a given spin can be obtained from Eqs. ͑30͒ and ͑32͒:
͑35͒
Again, ⌸ is the polarization function for spin electrons in the absence of the interaction, defined by Eq. ͑14͒. Since the fluctuation of the electron density for a given spin depends self-consistently on the induced densities of electrons of both spins, the dielectric and magnetic responses are coupled. Equation ͑35͒ does not give a straightforward solution for ⌬n since the behavior of ⌬ f k ជ ,;k ជ Ј , Ј (2) (q ជ ,q ជ Ј,) is not known. The two-particle fluctuations are determined by the commutator of two-body distribution function with the Hamiltonian. They satisfy the following equation:
͑36͒
⌿ is the external perturbing field experienced by an electron. For a spinor projected along the ẑ axis, ⌿ ϭϪeϩ␥b z sgn(). In this expression, the first two terms on the right-hand side originate in the interaction of one electron with the external field, in the presence of another electron. We have followed Niklasson 5 and used
to describe the mutual interaction between the two electrons in the presence of all the other members of the gas.
(q ជ ,q ជ Ј;) represent the interaction of one electron with the rest of the particles, in the presence of the other electron. Three-particle correlations are involved in all these terms.
B. The transverse response
Under the influence of the transverse components of the magnetic perturbation, b Ϯ (q ជ ,), some of the electrons change their initial spin state: b ϩ (q ជ ,) determines transitions from up to down, while b Ϫ (q ជ ,) has an opposite effect. The appropriate Wigner distribution to describe the induced magnetization can be derived from the following considerations. The particle number operator for electrons with spin projection along the x axis is
where the operator c k ជ , x and its conjugate are given by Eq. ͑26͒ particularized for the x axis (ϭ90°,ϭ0°). After the substitutions are performed, one can write immediately
and analogously for the ŷ axis (ϭ90°,ϭ90°),
It is convenient to form the linear combinations,
Clearly, the relevant time-dependent Wigner distributions for the spin-flip processes induced by b ϩ and b Ϫ , respectively, are
The corresponding Fourier components of the transverse magnetic fluctuations can be obtained by summing over k ជ :
Following the method outlined in the previous section, we derive the time variation of ⌬m ϩ (q ជ ,):
The four-operator averages included in Eq. ͑45͒ describe electrons interacting through the Coulomb interaction, while at the same time one of them changes its spin state. They are simply the two-particle fluctuations considered for electron spinors projected along the x and ŷ axis. Employing the set of transformations given by Eqs. ͑25͒ and ͑26͒, one can show that
(q ជ ,q ជ Ј;)͔ y … is the perturbation of the distribution function of two particles whose spins are projected along x , ͑or ŷ ) direction, respectively. An identical analysis can be performed for ⌬m Ϫ (q ជ ,), with the result
where from ͑25͒ and ͑26͒
The frequency dependence of the pair distribution functions for transverse spin states is determined by equations of motion analogous to Eq. ͑36͒. In these cases, ⌿ ϭsgn()b Ϯ . The corresponding equations for the four-operator averages are finally
͑q ជ ,q ជ Ј;͔͒.
͑50͒
As before, the first terms on the right-hand side of the above equations describe the interaction between an electron and the external field in the presence of the other electron ͑as a result of the external field one electron flips spin, while the ''spectator'' does not͒. Since the equilibrium values of the two-particle distribution functions do not depend on the particular axis of the spin projection, we have employed the following equality:
where
(q ជ ,q ជ Ј;) represents the mutual interaction between the two electrons in the presence of the rest of the electron
(q ជ ,q ជ Ј;) are a consequence of the many-body effects and correspond to the interaction between one electron and the rest of the gas in the presence of the other electron. These terms contain the perturbed parts of the three-particle distribution functions.
IV. THE LIMIT OF LARGE Q ᠬ OR
The iterative procedure involved by the equation-of-motion method can be continued indefinitely: the time evolution of the n-body distribution function is dependent not only on the external fields, but also on the (nϩ1)-particle correlations. This chain can be terminated in the limit of large wave vectors or high frequency, when the Coulomb interaction between electrons becomes negligible with respect to the external perturbations. We consider that the outside electromagnetic field is strong enough, so only two-particle correlations are significant. Consequently, we neglect all the terms denoted by F k ជ ,,k ជ Ј , Ј in Eqs. ͑36͒, ͑49͒, and ͑50͒. Furthermore, we assume that ប and ប 2 q 2 /2m are much larger than the Zeeman splitting in the static magnetic field, ␥B. With these assumptions, the simplified equations for the two-particle distribution functions are substituted in Eqs. ͑35͒, ͑43͒, and ͑44͒. Keeping the leading terms in ប and ប 2 q 2 /2m, we obtain
⌫ 1 and ⌫ 2 represent the exchange and correlation contribution to the response, obtained from the equation of motion of the two-particle distribution function:
͑55͒
In an analogous way, in the limit of large wave vectors or high frequencies, the transverse magnetic fluctuations are found to be
where ⌫ T (q ជ ,) is expressed by
͑58͒
The system of equations obtained from Eq. ͑35͒ written for up and down spins, gives the charge and longitudinal spin responses. The corresponding susceptibilities functions are
The transverse susceptibilities are derived from ͑56͒ and ͑57͒:
The response functions have been previously obtained in Eqs. ͑16͒-͑22͒ using the local-field approximation. Thus, by comparison, we can derive the exact expressions of the many-body corrections for large q ជ or high frequency.
In the same limit, the polarization functions of the free electrons, Eq. ͑14͒, become
͑66͒
with ⑀ q ϭប 2 q 2 /2m. ⌸ 0 is the asymptotic value of the same spin free-electron response function for ϭ0:
With this substitution, the microscopic expression for the transverse local-field corrections, G T,↑ Ϫ , is obtained from Eqs. ͑21͒, ͑58͒, and ͑63͒:
͑68͒
The complementary result, G T,↓ Ϫ , is a consequence of the symmetry relation, G T,↓ Ϫ ()ϭG T,↑ Ϫ (Ϫ), satisfied for any degree of polarization, ͉͉р1.
The comparison of the systems of equations, ͑16͒-͑19͒, and ͑59͒-͑62͒, leads, after long but simple mathematical manipulations, to the expressions of the local-field corrections associated with density and longitudinal spin fluctuations. Therefore, for an electron of spin projection 0 ,
. These expressions are exact in the large wave-vector or high frequency limit. It is remarkable that the frequency and wave-vector dependence of the longitudinal and transverse local-field corrections are different as a result of the initial polarization of the system. For បϭ⑀ q /, the many-body effect for the transverse response is divergent, leading to a negligible susceptibility. Thus, the magnitude of the response can be controlled, by varying .
The equilibrium two-particle distribution function is related to the pair-correlation function through
͑71͒
The pair-correlation function, g Ј (r ជ) represents the probability of finding an electron of spin Ј at a distance r ជ from a particular electron of spin located at the origin.
The asymptotic expressions of the many-body corrections in the limit q ជ →ϱ are obtained by making use of the following mathematical identity: ␦͑r ជ͒.
͑72͒
When Eq. ͑71͒ is introduced in Eqs. ͑68͒, ͑69͒, and ͑70͒, using the above mathematical identity, the long-wave limits of the local-field factors are expressed in terms of g Ј (0): where r s measures in Bohr radii the distance between two electrons.
V. CONCLUSIONS
Local-field corrections, G Ϯ (q ជ ,), were introduced as approximations for the many-body interactions in the selfconsistent, one-particle Hamiltonian, Eq. ͑6͒. In the equation-of-motion method, the time variation of the particle density at large wave vectors or high frequency leads to an analytic expression for G Ϯ (q ជ ,). This result is exact since it is a consequence of an external constraint and does not require additional assumptions about the multiple-particle correlations. The asymptotic values can be used as physical limits for any extrapolation of the correction factors at arbitrary q ជ and .
These results should be tested in experiments. A spinpolarized electron gas can be created by a static magnetic field applied to a dilute magnetic superconductor quantum well embedded in a modulation-doped nonmagnetic host. In this system, a weak electromagnetic field can induce coupled spin and charge fluctuations, the resonances of the response being associated with intra-and inter-subband excitations. The analysis of the infrared absorption spectrum should allow then a comparison with theoretical determinations.
